The multiplicity distribution and the two-particle Bose-Einstein correlations at fixed multiplicities observed in pp collisions at √ s = 7 TeV by the ALICE Collaboration are analyzed by the formulae obtained in the quantum optical approach. The chaoticity parameters in the inclusive and semi-inclusive events are estimated from the analysis. Multiplicity or k T dependence of longitudinal and transverse source radii are also estimated.
I. INTRODUCTION
In high energy nucleus-nucleus or hadron-hadron collisions, Bose-Einstein correlations of identical particles are considered as one of the possible measures for the space-time domain where those particles are produced. As the colliding energy increases up to the TeV region, Bose-Einstein correlations of identical particles can be precisely analyzed in the semiinclusive events or at fixed multiplicities to estimate the production domain of identical particles.
Up to the present, most of theoretical approaches to identical particle correlations in the semi-inclusive events are investigated in the case of purely chaotic field [1] [2] [3] [4] .
One of the theoretical approaches to the Bose-Einstein correlations is made on the analogy of the quantum optics [5, 6] , where two types of sources, chaotic and coherent sources are introduced. A diagrammatical method, based on the Glauber-Lachs formula [5] which is derived from the single-mode laser optics, has been proposed [7] to find higher order Bose-Einstein correlation (BEC) functions in the inclusive events. In Ref. [8] , the generating functional (GF) for the momentum densities is formulated, and a diagrammatic representation for the cumulants is proposed. Identical particle correlations in the semi-inclusive events are formulated in [9] . It is shown [10] that the multiplicity distribution (MD) in the quantum optical (QO) approach is approximately given by the Glauber-Lachs formula [5, 11] .
In general, in the formulation of two-particle BEC function at fixed multiplicities or in the semi-inclusive events, two-particle and one-particle momentum densities in the semi-inclusive events and the MD are contained. If the two-particle momentum density is integrated over one of the momenta, the one-particle momentum density is obtained. If the one-particle density is integrated over, the MD is obtained [12] . Therefore, even in the observed MD, information on the source radii would be included.
In the present paper, the MD and the two-particle Bose-Einstein correlations in the semiinclusive events observed by the ALICE Collaboration are analyzed by the formulae obtained in the QO approach. The chaoticity parameter p in in the inclusive events is estimated from the analysis of the observed charged MD. The chaoticity parameter p sm in the semi-inclusive events is estimated from the analysis of two-particle Bose-Einstein correlations. Longitudinal and transverse source radii at fixed multiplicities are also estimated from the data.
II. MOMENTUM DENSITIES IN THE SEMI-INCLUSIVE EVENTS
In the QO approach, the n-particle momentum density in the semi-inclusive events is defined by,
where c 0 is a normalization factor. In Eq.(1), φ i (p) and f c (p) are amplitudes of the ith chaotic source and a coherent source, respectively, and a i is a random complex number attached to the ith chaotic source. In addition, M is the number of independent chaotic sources [8] , which is regarded to be infinite in the present paper.
In Eq.
(1), parenthesis F a denotes an average of F over the random number a i with a Gaussian weight [6] ;
where an additional constant Z sm [h(p) = 0](= c 0 ) is added to the right hand side of Eq.(6).
Inversely, the n-particle momentum density in the semi-inclusive events is given from the GF as
The nth order cumulant is given by
From Eqs. (8) and (9), we have an iteration relation for the momentum densities [9] ,
The second summation on the right hand side of Eq. (10) indicates that all possible combinations of (j 1 , . . . , j i ) and (j i+1 , . . . , j n−1 ) are taken from (2, 3, . . . , n).
In order to calculate momentum densities at fixed multiplicities, following equations are defined for n = 1, 2, · · · and k = 0, 1, · · · , n − 1;
Then the MD is given by
From Eqs.(10), (11) and (12), we have
where, with
If Eq.(15) for ρ (2) n (p 1 , p 2 ) is integrated over p 2 , Eq. (14) for ρ (1) n (p 1 ) is obtained. In addition, if Eq. (14) is integrated, Eq.(13), the recurrence equation for the MD, is obtained.
III. PARAMETRIZATION
In the followings, variables are changed from (p 1L , p 1T ) to (y 1 , p 1T ) with rapidity y 1 defined by y 1 = tanh −1 (p 1L /E 1 ). Correlations r(p 1 , p 2 ) and c(p 1 , p 2 ) are both assumed to be real, and are parametrized as [9] ,
where ∆y = y 2 − y 1 and ∆p T = p 2T − p 1T . Six parameters, p sm , n 0 , α, β, γ L and γ T are included in Eqs.(18) and (19). All of them are assumed to be positive constant at present: Parameter p sm denotes the chaoticity parameter in the semi-inclusive events with 0 < p sm < 1. Parameter n 0 is related to an average multiplicity. In the limit of p sm = 0, the MD defined by Eq. (12) or Eq. (13) becomes the Poisson distribution with an average n 0 . Parameters α and β are related to the width of rapidity and p T distributions, respectively. The longitudinal momentum transfer squared, q
is approximately written as q 2 long ≈ 2 m T 2 (cosh ∆y − 1) with the average of transverse mass
equal to the longitudinal source radius. Similarly, √ γ T denotes the transverse source radius.
Then, the jth order correlation, R j (p 1 , p 2 ), of chaotic component is written in the following form,
where
Recurrence equations for A j , C j , U j , W j and N j can be solved [3, 10] , and
IV. ANALYTICAL FORMULA FOR MULTIPLICITY DISTRIBUTION
From Eq.(21), the recurrence equation for the MD, Eq. (13), is written as
As can be seen from the above equations, the MD contains four parameters,
The analytical formula for the MD can be obtained approximately from Eq.(23) [10] . The generating function for P (n) is defined by
Then, the differential equation for Π(z) is obtained from Eq.(23) as,
It is shown from Eq.(22) that 0 < r 1 /r 2 < 1 and 0 < t 1 /t 2 < 1. Therefore, for r 1 /r 2 , t 1 /t 2 << 1 or j >> 1, Eqs.(23) can be approximated by,
Then, Eq.(25) can be rewritten as,
With the boundary condition Π(1) = 1, we obtain
.
The average multiplicity n is given from Π(z) as
From Eq.(24), parameter ξ is proportional to p sm n 0 , whereas A 0 is to (1 −p sm ) n 0 . Therefore, from Eqs. (18) and (19), we can identify the first term on the right hand side of Eq. (26) as a contribution of the chaotic sources and the second term that of the coherent source to the average multiplicity n ;
where p in denotes the chaoticity parameter in the inclusive events.
Then, the generation function is given as
The MD is given from the GF as
where L n (x) denotes the Laguerre polynomial. Equation (29) is called the Glauber-Lachs formula [5, 10, 11] . The KNO scaling function of the Glauber-Lachs formula is given by,
where I 0 (z) is the modified Bessel function.
V. TWO-PARTICLE BEC FUNCTION
The two-particle Bose-Einstein correlation (BEC) function C
n (∆y, ∆p T ) at fixed multiplicity n is defined as
Each term in ρ
n (p 2 ) in Eq.(31) takes the following form,
where y 2 = y 1 + ∆y, p 2T = p 1T + ∆p T . C 0 , A 11 , A 12 , A 22 , U 11 , U 12 and U 22 are some constants.
In the observed Bose-Einstein correlations by the ALICE Collaboration [13] , the average k T of the two particle transverse momenta is restricted in a small region. In order to take the constraint into account, we parametrize, p 1T = k T − ∆p T /2, and p 2T = k T + ∆p T /2.
Using the approximation, k T · ∆p T = (p 1T 2 − p 2T 2 )/2 ≈ 0, we rewrite the terms on the transverse momenta in Eq.(32) as follows
After the integral for p 1T in Eq.(31) is replaced by that for k T , the condition that
is approximately constant, |k T | ≈ c, is introduced into Eq.(31);
The width of |k T | is neglected in Eq.(33), because it is canceled out in Eq.(31).
VI. ANALYSIS OF EXPERIMENTAL DATA
The ALICE collaboration reported the observed charged multiplicity distribution [14] within the pseudo-rapidity range |η| < 1.0 and the observed two-particle Bose-Einstein correlations [13] n ch / n ch for charged particles with z = n/ n for identical particles (for example negatively charged particles), where n ch = 2 n .
We analyze the MD observed in pp collisions at √ s = 7 TeV by P (n) = φ(z)/ n ch , where φ(z) is given by Eq.(30). The estimated parameters in the analysis are shown in Table I .
The observed MD is compared with P (n) calculated by Eq.(30) in Fig.1 . The parameters p sm and n 0 are given by the following equations,
In the above equations, ξ and A 0 depend only on p in and n , whereas f 1 and f 2 depend only on γ L /α and γ T /β;
The two-particle Bose-Einstein correlations in pp collisions are measured in longitudinal, sideward and outward directions. In pp collisions, data would be almost the same in q side and q out directions. Therefore, the data in q long and q side directions are analyzed. We compare the calculated results for n = 4, 10 and 17 with the data for n ch from 1 to 11, from 17 to 22
and from 29 to 34, respectively.
In the analysis of two-particle Bose-Einstein correlations, we use the identity ∆p T 2 = q side 2 + q out 2 and the following approximate relations,
where m T 2 = 0.14
Data on C The results on C (2) n (q long ) are shown in Table II n (q long ) increase as multiplicity n increases. It should be noted that the MD defined by Eq. (23) is contained in the formula of the twoparticle BEC function given by Eq.(31), and it calculated from Eq.(23) with parameters shown in Table II becomes broader as multiplicity n increases.
The results on C (2) n (q side ) are shown in Table III 
n (q long ) in pp collisions at √ s = 7 TeV by Eq.(31).
GeV/c (25 points) are used. All the values of parameters estimated in the analysis increase, as multiplicity n increases. The MD calculated from Eq.(23) with parameters shown in Table III also becomes broader as multiplicity n increases.
The results on the k T dependence of C
10 (q long ) are shown in Table IV and Fig.4 . All the values of parameters increase as k T increases. In this case, the MD calculated from Eq. (23) with parameters shown in Table IV becomes narrower as k T increases.
The results on k T -dependence of the Bose-Einstein correlations in the sideward direction are shown in Table V k T increases.
The source radii, R l for the longitudinal direction and R s for the sideward direction are defined by the following equations,
The multiplicity n dependences of source radii calculated from γ L and γ T , which are estimated in the analysis of C
n (q long ), are shown in Fig.6 . Source radii R l and R s increase as multiplicity n increases. Values of R l and R s at each n coincide within the error bars.
The n dependences of source radii calculated from γ L and γ T in the analysis of C (2) n (q side ) are shown in Fig.7 . Both radii increase with multiplicity n. At each n, R l is greater than R s .
The k T dependences of source radii R l and R s calculated from γ L and γ T in the analysis of C
10 (q long ) are shown in Fig.8 . Both radii decrease as k T increases. The source radius R l 
n (q long ), which are calculated from γ L and γ T shown in Table II .
is equal to R s within the error bars at each k T .
10 (q side ) are shown in Fig.9 . Both radii decrease as k T increases. R l is greater than R s at each k T .
VII. SUMMARY AND DISCUSSIONS
The charged multiplicity distribution in |η| < 1 and the two-particle Bose-Einstein correlations at fixed multiplicities in |η| < 1.2 observed in pp collisions at √ s = 7 TeV by the 
n (q side ), which are calculated from γ L and γ T shown in Table III . 
10 (q long ). The radii are calculated from γ L and γ T shown in Table IV . 
10 (q side ). The radii are calculated from γ L and γ T shown in Table V .
is related to the longitudinal source radius and γ T is related to the transverse radius. Using parameters h L (or γ L ) and h T (or γ T ), we can analyze the data on two-particle Bose-Einstein correlations for the longitudinal direction and the sideward (or outward) direction. As the dada are taken in pp collisions, we neglect the difference between the correlations in the sideward direction and those in the outward direction.
In our formulation of the BEC function, restrictions on k T , q out , q side and so forth are taken into account. Therefore, even in the analysis of two-particle Bose-Einstein correlations in the longitudinal direction, we can estimated the source radius R s in addition to the source radius R l .
From the analysis of the Bose-Einstein correlations in the longitudinal direction, estimated values of R l and R s coincide with each other at each multiplicity n or k T . On the other hand, from the analysis of the Bose-Einstein correlations in the sideward direction, estimated values of R l are greater than those of R s at each multiplicity n or k T . Both radii increase as multiplicity n increases. On the other hand, both radii decrease as k T increases.
In the analysis of observed two-particle Bose-Einstein correlations at fixed multiplicities, the MD calculated from Eq.(23) becomes broader as multiplicity n increases, whereas it becomes narrower as k T increases. The behavior of calculated multiplicity distributions suggests that the data selection conditions in the observed two-particle Bose-Einstein correlations would have non-negligible effects on the shape of observed multiplicity distributions.
